We have determined numerically the maximum quantum violation of over 100 tight bipartite Bell inequalities with two-outcome measurements by each party on systems of up to four dimensional Hilbert spaces. We have found several cases, including the ones when each party has only four measurement choices, when two dimensional systems, i.e., qubits are not sufficient to achieve maximum violation. In a significant proportion of those cases when qubits are sufficient, one or both parties have to make trivial, degenerate 'measurements' in order to achieve maximum violation. The quantum state corresponding to the maximum violation in most cases is not the maximally entangled one. We also obtain the result, that bipartite quantum correlations can always be reproduced by measurements and states which require only real numbers if there is no restriction on the size of the local Hilbert spaces. Therefore, in order to achieve maximum quantum violation on any bipartite Bell inequality (with any number of settings and outcomes), there is no need to consider complex Hilbert spaces.
I. INTRODUCTION
One of the most astonishing features of quantummechanics is its nonlocal nature. Separated observers sharing an entangled state and performing measurements on them may induce nonlocal correlations which violate Bell inequalities [1] , [2] . In contrast, separable states satisfy all the possible Bell inequalities with any measurement settings.
A general setting concerning Bell inequalities is that measurements are made on a system, which is decomposed into N subsystems. On each of these subsystems one out of m i , i = 1, . . . , N observables is measured, producing k i , i = 1, . . . , N outcomes each. In almost all the cases investigated up to now in order to maximally violate them the dimension of the local state spaces of the shared entangled state did not have to be larger than the number of outcomes of the respective parties. Some notable exceptions to it are the bipartite k A = 3 and k B = 2 Bell inequalities in Ref. [3] , and families of correlation Bell inequalities with binary outcomes [4] , where the smallest number of measurement settings was found to be m A = 8 and m B = 4. This latter case requires states of dimension larger than the number of outcomes to obtain maximal violation.
In the present numerical investigation our aim is twofold. Firstly, we wish to demonstrate that by including marginal probabilities in the Bell inequalities it is further possible to reduce the number of measurement settings. Then we also show that any bipartite Bell inequality can be violated with settings and states in the real Hilbert space in the same extent as with settings and states in the complex Hilbert space. * Electronic address: kfpal@atomki.hu Actually, we believe that these results are not only of academic interest: On one hand, higher dimensional systems have been produced in the laboratory in a number of schemes, subjected to Bell-type tests as well. In particular in Ref. [7] the experimental violation of a spin-1 Bell inequality has been presented using four-photon states, while in Refs. [8] , [10] Bell-type tests based on the inequality of Collins et al. [9] have been performed for orbital angular momentum and energy-time entangled photons producing qutrits, respectively. Also, two-photon interference experiments have demonstrated time-bin entanglement up to d = 20 dimensionality [11] . On the other hand, this investigation can be especially relevant in practical applications of quantum information protocols. For instance, in quantum cryptography [12] the key idea is that only local correlations can be created by an eavesdropper, thus the only useful correlations must have quantum origin. In order to characterize the set of possible quantum correlations useful for quantum cryptography applications, it is important to know how effective higher dimensional systems are with respect to qubits.
In particular, in this paper we considered tight bipartite two-outcome Bell inequalities corresponding to the facets of the convex polytope [13] with up to five settings 2-89 of Ref. [14] , and the 31 cases with up to four settings considered by Brunner and Gisin [15] . We note that there is some overlap between the two lists. We used projective measurements in all cases, since for binary outcomes it has been shown [16] that general POVM measurements are never relevant. The tools used in the numerical exploration are gathered in Sec. II, then in Sec. III we give a list of tables presenting the numbers corresponding to the maximum quantum violations in cases of real and complex qubits (3-dimensional spaces), and real qutrits, taking into account degenerate measurements as well. For all but two inequalities we considered such component spaces were sufficient for maximum vi-olation. In one case complex qutrits, and in one case real ququarts (4-dimensional spaces) were necessary to achieve the maximum violation. For both cases the gain was marginal, not much larger than numerical uncertainty. The numbers obtained are discussed in Sec. III, and some conclusions are commented in Sec. IV. Finally, in Appendix A we provide a proof on the equivalence of real and complex Hilbert spaces in reproducing bipartite quantum correlations if there is no constraint on the size of the component Hilbert spaces.
II. THE METHOD
The quantum value of the expression in the Bell inequality is an expectation value of a Hermitian operator. The maximum expectation value of such an operator is its largest eigenvalue. Therefore, to find the maximum quantum violation we have to find those measurement operators for both Alice and Bob whose combination as it appears in the inequality gives the largest possible eigenvalue [17] . This way the parameters to be optimized are those of the measurement operators, no parameter of the vector enters the problem. The vector can be determined as the eigenvector belonging to the maximum eigenvalue.
As the outcome of each measurement has to be either 0 or 1, the measurement operators to be considered are projectors in the component Hilbert spaces of Alice and Bob. In case of 2-dimensional Hilbert spaces each nondegenerate measurement operator projects to a 1-dimensional subspace, which may be defined by a unit vector |m of irrelevant phase as |m m|. Such a vector can be characterized by 2 parameters, it is convenient to use the two angles on the Bloch-sphere. As it turned out to be essential, we also considered trivial, degenerate measurement operators as well. Such a measurement, represented by the zero and the unit operator brings always the result 0 and 1, respectively. Obviously, these measurements need not be performed at all, and the problem becomes equivalent with a smaller one with less measurements. We performed the optimization with all combinations of nondegenerate, zero and unit operators. For 3-dimensional spaces a nondegenerate measurement operator is either a one or a two-dimensional projector. A unit vector of irrelevant phase is again sufficient to define either a one and a two-dimensional projector as |m m| and I − |m m|, respectively. Four real parameters, for example the two polar angles and the phases of two components (one component may be chosen real) are needed to characterize such a 3-dimensional complex vector. Although we have considered only nondegenerate operators, as each of them may be either a one or a two dimensional projector, many optimization runs are necessary to cover all combinations. In the case of 4-dimensional component spaces we confined ourselves to 2-dimensional projection operators. To make the optimization of the many parameters involved for all combinations of the dimensions of the operators would have taken too much computer time. A 2-dimensional projector in a 4-dimensional complex space requires 8 real parameters to define.
We may reduce the number of parameters involved by using the fact that both Alice and Bob may choose their bases freely. With an appropriate unitary operation we may transform one of the operators, say the first one, into a diagonal form. This eliminates all parameters of that operator. Then we may apply another unitary operator that does not affect the matrix of the first operator to simplify the matrix of the second operator as much as possible. If there exists further transformation that leaves the first two matrices unchanged, it may be used to reduce the number of parameters of the third operator, and so on. Following this recipe, for qubit spaces the vector characterizing the first (nondegenerate) operator will be one of the basis vectors (no parameter), while the one corresponding to the second operator may be transformed to have both components real (1 parameter).
In a 3-dimensional Hilbert space the components of a unit vector may be parameterized as (cos ϕ sin ϑe iα , sin ϕ sin ϑe iβ , cos ϑ), with the 3rd component is chosen real (4 parameters). The vector corresponding to the first measurement operator may be transformed to (0, 0, 1) (no parameter). This form is invariant to a unitary transformation of the u 12 type (operation within the subspace spanned by the first two basis vectors). With such an operation we may eliminate the second component of the second vector, and we also make its first component real, leaving the form (sin ϑ 2 , 0, cos ϑ 2 ) (1 parameter). After this we still have the freedom to eliminate the phase of the second component of the 3rd vector.
In the case of 4-dimensional Hilbert spaces, the first measurement operator may be diagonalized to have the form diag(1, 1, 0, 0). Then we may apply a further transformation of the form u 12 u 34 to simplify the second operator. We can obviously diagonalize the two 2 × 2 blocks in the upper left and the lower right corners. Then using the fact that the matrix corresponds to a 2-dimensional projector, it can be shown that the rest of the transformed matrix must also have a special form, which with a further allowed operation may be simplified to the twoparameter form of (1 1 + H)/2, where 1 1 is the unit matrix, and
This has been shown in Ref. [19] . The first two matrices leave no further room to simplify the 3rd and any further operators, it will take 8 parameters to characterize each of them. We have chosen those parameters by using the fact that the matrix of the most general two-dimensional projector in the 4-dimensional space may be produced by applying the most general transformation of the form u 12 u 34 to the two-parameter matrix above. Each of the 2-dimensional unitary operators u 12 and u 34 have 4 parameters. However, an overall phase is irrelevant, and it also turns out that the effect of the transformation to the special form will only depend on the difference of two phase angles in the operators, which makes it possible to eliminate one more parameter, leaving altogether just the necessary number of 2 + (2 · 4 − 2) = 8 parameters.
We determined the maximum violation with both complex and real Hilbert spaces. A measurement operator in the real space needs just half as many real parameters to characterize as in a complex space of the same number of dimensions. The parameters we used were the same as in the complex space with all phase angles taken to be zero. For optimization we applied an uphill simplex method [18] . As such a method climbs to a local maximum, to find the global one we restarted the method from random positions many times, at least 10000 times for the 4 × 4 dimensional Hilbert spaces. We still can not be sure that we have found all global optima, especially for the largest, the 5522 (5 settings of 2-outcome measurements for each of the two parties) cases. Nevertheless, the results calculated with spaces of different dimensions are fully consistent with each other. Either with complex or real spaces, a higher dimensional calculation has always given at least as large violation as the lower dimensional ones. When we managed to find a larger value, some optimization runs still ended up with the lower dimensional result. From properties of the optimum in the higher dimensional case, namely the number of terms in the Schmidt decomposition of the eigenvector and the relation of the subspace defined by the Schmidt decomposition to the measurement operators may reveal if it actually corresponds to a lower dimensional case. The 4-dimensional calculations can and do reproduce all lower dimensional results we considered, including the 2-dimensional cases with degenerate operators. When the Schmidt decomposition shows that the eigenvector occupies only 2-dimensional subspaces of Alice and Bob's component spaces, and there are measurement operators that project to exactly those subspaces, or to their complementer space, then those measurements for the eigenstate do behave like degenerate ones. Actually, we realized from such analysis that in most cases when we found a larger violation with ququarts than with qubits, the higher dimensionality was not essential, just degenerate operators had to be considered. In their recent paper Brunner and Gisin also concluded that for one of their cases they needed degenerate [15] measurements. The 4-dimensional calculation reproduces the 3-dimensional results too, and may even reveal, which measurement operators should be one, and which ones should be twodimensional projectors for maximum violation.
III. DISCUSSION OF THE RESULTS
We calculated the maximum violation of the tight bipartite Bell inequalities A 2 − A 89 listed in Ref. [14] (A 1 is a trivial 1122 type, which can not be violated). These inequalities are the part involving at most 5 measurement settings per party of a huge list of inequalities obtained with the method described in Ref. [20] . We also included the 31 known tight inequalities with up to 4 measurement settings per party considered recently by Brunner and Gisin [15] . We adopted the notation used in that paper. [24] . The only 2222 one is the Clauser-HorneShimony-Holt (CHSH) inequality [2] . The Bell inequality found in Ref. [25] is the only 3322 type, and the three 4322 cases were introduced in Ref. [21] . The two lists we considered have some overlap, we marked those cases in our tables. For every inequality in the lists the classical value to be violated is zero, except for I 7 4422 , where it is one. The maximum violations we show in the tables are just the maximum eigenvalues we found, except for the case I 7 4422 , where it is one less. In Table I we listed all those cases for which we could not find a stronger violation in any of our calculations than the maximum violation we achieved with real qubits, performing only nondegenerate measurements. In all tables we marked with a star the cases when maximum violation was achieved with the maximally entangled state. For most instances this is not so, which has also been noted in Ref. [15] . Table II contains the inequalities when we got the maximum violation with measurements on complex qubits. For the cases in these tables we got the same values for maximum violation with complex qutrits and complex ququarts than with complex qubits, and real qutrits did as well as real qubits. However, with real ququarts we could always achieve the same amount of violation as with complex qubits. It is generally true that if a bipartite Bell inequality with arbitrary outputs per party can be violated by a certain amount with projective measurements in n-dimensional Hilbert spaces, than they can be violated by at least as much with projective measurements in 2n-dimensional real Hilbert spaces. This property is an immediate outcome of an even more general statement, which is provided in Appendix A. It is an open question, whether Lemma A.1 could be somehow generalized so that this statement would be true for any multipartite Bell inequalities as well. From the construction it follows, and we have demonstrated in Appendix A, that the Schmidt-decomposition of the state in the 4-dimensional real space has 4 terms, the Schmidtcoefficients are pairwise equal, and the ratio of the pairs equals to the ratio of the Schmidt-factors from the qubit case with the same violation. There are surprisingly many inequalities that can be violated more, sometimes very significantly more by allowing measurements to be degenetate, than by confining ourselves only to nontrivial ones. Table III and Table IV show the cases when we got the maximum violation with real and complex qubits, respectively, taking one or more measurements of Alice, or Bob, or of both of them degenerate, i.e., either unity or zero. As we have already mentioned, the four-dimensional calculations can always reproduce these values even by confining ourselves to rank 2 measurements (2-dimensional projectors) by operators that project onto the subspace the eigenvector occupies, or onto the orthogonal one. However, when a complex qubit result is reproduced with real ququarts, the eigenvector requires the whole component spaces (4 terms in Schmidt decomposition), therefore effect of degenerate operators can not be simulated with rank 2 operators this way. Brunner and Gisin [15] calculated the maximum quantum violation by applying degenerate measurements only for their I 4 4422 inequality. They did that after realizing that this inequality can not be violated by the maximally entangled state without such measurements. They state (1/ √ 2 − 1/2) as the value of maximum quantum violation, which they achieved by taking two measurement operators of both parties degenerate. We found twice as large maximum violation by taking two measurement operators of only one party degenerate (see Table III ). We also found that a very small violation may be achieved by using only true two-outcome measurement. The violating state is far from the maximally entangled state, it has Schmidt coefficients of 0.9158 and 0.4016. So far we have only shown cases for which maximum violation could be achieved in qubit spaces. The existence of Bell inequalities for which this is not the case has been proved in Refs. [4, 5, 6] . Particularly, in Ref. [4] we were able to give concrete examples of correlation Bell inequalities (i.e., inequalities without local marginals) whose maximal violation is not achieved by qubits. In the present list we found numerically quite a few such cases, now for Bell expressions with marginals. In all such cases except for two, real qutrit spaces were enough for maximum violation, see Table V . For most of them, in two dimensions larger violation can be achieved by allowing degenerate operators than by not allowing them (no entry in the appropriate place, when it is not so). With qutrits we can do even better. However, for most entries in the list the increase is quite small, no more than a couple of percents, sometimes even much less, which means these cases may have no practical and experimental relevance. For a few cases the gain is more than 10%. We find the largest increase (about 0.1, or 18%) for I 18 4422 . It is interesting to note that there exist Bell inequalities that can be violated more with real qutrits than with complex qubits, and there are also examples for the opposite (at least without allowing degenerate measurements for qutrits, which we have not tried). For all cases in Table V each party has at least 4 measurements, in the smallest ones each of them has just 4. We will show in a forthcoming publication that for correlation type inequalities to get larger violation with higher-dimensional spaces than with qubits, one of the parties must have at least 4 measurements, and then the other one must have at least 7 measurements. All 4422, 5422 and 6422 correlation type Bell inequalities can maximally be violated by qubits.
We found one single inequality in the list that we could violate more with complex qutrits than with real ones or with qubits. The maximum violation of A 21 (5422) with real qubits (no degenerate measurement) is 0.099090, with complex qubit (no degenerate measurement) is 0.125000, with real and complex qubit (degenerate measurement allowed) 0.299038 (maximally entangled state), with real qutrit 0.316523, and with com-plex qutrit 0.317496. The last improvement is absolutely marginal, but it does not seem to be due to numerical error.
For A 87 (5522) we found we need ququarts to get maximum violation, but the improvement was even less convincing. The best qubit value is 0.756199 (both with real and complex qubit), while the maximum we got with both real and complex ququarts is 0.756247. From a more detailed analysis of the solution we could not see a way to reduce it to a lower dimensional space. It turned out that this violation could be achieved by taking two measurement operators equal. Therefore, we calculated the maximum violation with qubits of the 5422 inequality we got by uniting these two measurements, and we found 0.755931, a slightly smaller value than for the original inequality. The difference from the ququart value is still extremely small, but at least it seems to be more than numerical error.
In our calculations the maximum number of dimensions for the component spaces were four. Moreover, we allowed degenerate measurements only for qubit spaces, and confined ourselves to rank 2 measurements in four dimensions. For some cases on the list it is possible, that without these restrictions one could find a larger maximum quantum violation.
IV. SUMMARY
Let us briefly summarize the main results achieved in this work.
We investigated numerically the maximum values on tight bipartite two-outcome Bell inequalities in cases when the local Hilbert space was restricted to d = 2, 3, 4 dimensions. We found Bell inequalities with four measurement settings for each side where qutrits were needed to achieve maximal violation, and with five measurement settings for each side where ququarts were needed to achieve maximal violation. We may interpret these results via the concept of witnessing the Hilbert space dimension [5, 6] . The question is that given a joint probability distribution of measurement results performed by separate parties, is it possible to set a bound on the dimension of the multipartite state space? Thus, dimension witnesses are operators [5] able of bounding the dimension of a quantum system. This allows one to test experimentally the size of the underlying Hilbert space, which otherwise is a rather abstract concept. Therefore, by adapting this language, we can say that we found numerically tight Bell inequalities which act as dimension witnesses for qubits and qutrits.
On the other hand, in analogy to the terminology dimension witnesses one may inquire whether reality witnesses could be constructed, which would be able to distinguish complex Hilbert spaces from real Hilbert spaces. Actually, the existence of such kind of a witness has been quested by Gisin in Ref. [24] . However, according to our result presented in Appendix A, we may safely say that reality witness cannot be constructed for the case of two parties since by doubling the size of the local complex Hilbert space of each party one may reconstruct all the joint probabilities with local real Hilbert spaces as well. Although, the question is remained open for multipartite systems, numerical study supports us to believe that our Lemma holds for the most general case as well.
This fact which is interesting by its own, has some striking consequences, an immediate one is that the maximum quantum violation of any bipartite Bell inequality (with any number of settings and outcomes) can be achieved in the real Hilbert space as well.
To set the scene, we assume that two separated observers, Alice and Bob, may perform one of a finite number of measurements, and that each measurement has a certain number of outcomes. We label outcomes corresponding to different measurements distinctly, so that each outcome a and b is uniquely associated to a single measurement of Alice and Bob, respectively. Let S A and S B be n-dimensional complex Hilbert spaces of the two parties, respectively, and |V be any vector in the tensor product space S A ⊗ S B . Let P a (P b ) be projection operator associated with outcome a (b) of S A (S B ).
In the light of the above definitions, we say that the joint probabilities p ab admit a quantum representation [26] if there exists a quantum state ρ on the composite Hilbert space, a set of projectors P a ⊗ 1 1 of Alice's and a set of projectors 1 1 ⊗ P b of Bob's system, such that
Note, that since we do not impose any limitation on the dimension of the local Hilbert spaces, we may consider projection operators instead of the more general POVM measurements. The Bell expression consists of a linear combination of probabilities (A1). The projectors belonging to different outcomes of a measurement are orthogonal to each other, and they sum up to unity. First we prove the following correspondence between joint distributions arising from projection measurements in complex n-dimensional local Hilbert spaces and projection measurements in real 2n-dimensional local Hilbert spaces:
Lemma A.2. There exist projection operators P 
where the state |V and operators P a , P b are defined above, and |V ′ , P ′ a and P ′ b depend only on |V , P a and P b , respectively.
Proof. Let us use a matrix representation. Let us choose orthonormal bases in each component space, and let the basis in the product space be the basis consisting of the products of the basis vectors of the component spaces. Hence, we can write,
and
where the basis vectors {|v
and {|v B j } n j=1 span respectively Alice and Bob's local state spaces. This way the vectors of the product space will be represented by matrices of two indices. Then the expectation value above can be expressed as
where A, B and V are the matrix representations of P a and P b and |V , respectively. The value of the expression is a real number, as it gives the expectation value of a Hermitian operator in the product space. Let us consider the following mapping [27] . Let us replace each component v i = v One can prove that the image of the product of either a matrix and a vector, or two matrices will be equal to the corresponding product of the images. For n = 1 this is easy to show. For n > 1 the multiplication in the 2n-dimensional space may be done block-by-block, yielding the correct result. The mapping also conserves the linear combinations of both vectors and matrices. When transposing matrices one has to be careful. The image of the transpose of a matrix will be the transpose of the image of the complex conjugate of the matrix. The complex conjugation is needed to get the 2 × 2 blocks right (they are not transposed in the image of the transpose). Hermitic conjugation is preserved by the mapping. It is also easy to see that the trace operation on the image will give a real number, which is twice the real part of the value calculated for the original complex matrix (in each block the real part of the diagonal matrix element will occur twice, while the imaginary part will be off-diagonal). Given these rules in hand it is clear that the image of a projector is also a projector, the images of orthogonal projectors are orthogonal projectors, and if matrices sum up to unity, their images will do so, too. Therefore, the images of a set of measurement operators will satisfy the properties required.
Let
is constructed with the above rule for 2-index matrices from the matrix V of |V , and then multiplied by 1/ √ 2 to get it properly normalized. We note that the mapping rule to be applied in the product space is not the same as the one applied in the component spaces. 
will be the image of (1/2)AV B T V † , the factor of 1/2 is occurring due to the 1/ √ 2 normalization factor in the construction of V ′ from V . As the trace of AV B
T V † , which is the expectation value in the complex space, is real, its value is one half of the trace of its image, i.e., it is equal to the trace of A ′ V ′ B ′T V ′ † , which is the expectation value in the real space.
Note that for an arbitrary mixed state ρ = λ i |V i V i | the expectation value T r(P a P b ρ) is the convex sum of the expectations (A2) with coefficients λ i , which entails the main result Lemma A.1 we wanted to show.
Aside from its conceptual interest, we mention two interesting situations where this fact may prove to be useful beyond justifying our numerical experience that real ququarts could yield at least the same amount of violation as complex qubits.
On one hand, in the inequality presented by Bechmann-Pasquinucci and Gisin in Ref. [3] having three and two measurement outcomes per Alice and Bob, respectively, the maximum quantum violation can be achieved with projective measurements sharing a maximally entangled state of dimension 3. However, numerical evidence suggests that using measurement settings which require real numbers, the optimum quantum violation could not be reached. It arisen as a natural question [24] whether a higher value could be achieved by using only real numbers but allowing to occupy larger Hilbert spaces. Our result gives the answer in negative for this question regarding this particular Bell inequality and also prove conclusively that all bipartite Bell inequalities can be maximally violated by quantum states and measurement settings which need in an appropriate basis only real numbers. This latter problem for the general multipartite case was posed by Gisin (see also problem 32, fundamental questions number 11 in Ref. [28] ).
On the other hand, in Ref. [26] a hierarchy of conditions has been formulated through a semidefinite program [29] . This approach can be used for instance to obtain upper bounds on the quantum violation of arbitrary Bell inequalities. In this case, however the matrix Γ in question, which should satisfy the positive semidefinite constraint is in general Hermitian. Our results, however, entails that this matrix needs to be in fact real valued, i.e., must be a symmetric matrix. This stronger condition thus may provide us with a tighter upper bound on any bipartite Bell inequality, than the one which originally required the weaker Hermitian condition. Now let us illustrate with a simple example, consisting of a qubit at each party, the method how to obtain the projection operators and the respective states from the original complex valued ones. In this case the state of two qubits can be written in an appropriate basis as |V = α|v , where the α and β Schmidt coefficients are non-negative numbers, their square adding up to 1. Thus the matrix V in Eq. (A3) takes the following simple form, diag(α, β) whereas a non-degenerate projector on the state space of Alice and Bob can be written as P ν = (1 1 ± ν σ)/2, ν ∈ a, b. Applying the mapping rule, discussed above, we obtain the following real valued 4 × 4 matrices, V = (1/ √ 2)diag(α, α, β, β), implying the entangled state (with nonzero α and β) in the 4-dimensional state space, |V = (α|00 + α|11 + β|22 + β|33 )/ √ 2 and the corresponding projection operators P 
